Abstract-This paper aims at determining the set of optimum frequencies to be used in the companion microwave radiometers in future synthetic aperture radar altimeters, to provide higher spatial resolution of the atmospheric water-vapor state, so as to improve the wet delay correction in the coastal regions. The channel selection is based on the study of the frequencies that provide the largest amount of information, as defined by the largest information entropy change from a prior knowledge state. It is found that four frequencies, one close to the 22-GHz peak and three other ones around 175.188 GHz, provide a near optimum compromise between the amount of information measured, and the instrument's complexity.
I. INTRODUCTION

S
ATELLITE altimetry plays an important role among the Earth observation techniques, and it is very useful for ocean missions. Coastal altimetry (approximately 0-50 km away from the coast) allows to study the storm surges by measuring the Total Water Level Envelope, and it is also very useful in wave models. However, coastal altimetry data are inaccurate and difficult to interpret due to the variation of the waveforms' shape (shape of the radar returns) when the antenna footprint of the instrument enters in the land, and because of the rapid variations of the wet tropospheric delay. The application of SAR techniques to radar altimetry, such as in ESA's CryoSat-2 mission, has allowed to significantly improve the along-track resolution, providing much better results than in the pulse-limited altimeters. Nevertheless for these high-resolution altimeters, an optimized delay correction is needed to solve the rapid tropospheric wet delay variability [1] .
In this study, a methodology is presented to identify from the measured brightness the temperature of the atmosphere, a set of frequency channels that provide the most significant and uncorrelated information on the water-vapor content in the atmosphere. Previous works [2] have provided a water-vapor-content analysis based on the number of degrees of freedom for a ground-based zenith-viewing model, assuming clear skies, and different seasons. A similar brightness temperature model, based on space-based observations is presented in this study. However, unlike in [2] , in this paper, the watervapor entropy is used to define the optimum channels for three different climates and types of surfaces.
First, a Mathematical model is defined to describe the physics of the atmosphere, and from this model the contribution of the water vapor into the brightness temperatures as measured by a nadir-looking microwave radiometer are derived. Then, a mathematical model using inversion methods to select the frequency channels providing the largest amount of data (i.e., uncorrelated data) is defined. Finally, results for three "standard" climates (tropical, temperate, and polar) are presented. Synthetic atmospheric pressure, temperature, and water-vapor profiles are used, and different surface emissivities are also considered in the computation of the down-looking brightness temperatures for the three atmosphere models.
II. METHODOLOGY
A. Forward Model
In this study, three different atmosphere models are considered for the three different climates: tropical, temperate, and polar, and for the three different types of surfaces: ice, sea, and coastal regions. The three standard atmosphere models are generated using as input parameters the water vapor, temperature, and pressure from 0 km (sea surface height) up to 64-km height (mesosphere). The atmospheric temperature, pressure, and water-vapor profiles (T(z), P(z), and ρ v (z)) for the three different climates are described in [3, pp. 339-373] (see Fig. 1 ), and they are used to compute the gas absorption (κ α (f, z)) as a function of the frequency and height, and the atmospheric optical thickness (τ (z, ∞)), up-welling temperature (T UP ), and downwelling temperature (T DN ) as a function of the frequency (f). Finally, three different surface emissivities are used to calculate the surface brightness temperature (T b ), and the down-welling temperature reflected back to the atmosphere (T sc ).
The emissivity values are 1.00, 0.50, and 0.75, which correspond approximately to those of the ice, ocean, and coastal regions, respectively. Finally, the brightness temperature reaching the radiometer antenna [T B , (1)] is then computed for the nine possible combinations of the three different climates and the three different surfaces:
and
where each contribution to the brightness temperature is represented in the Fig. 2 . In (3) and (4), e s and T s are the surface's emissivity and temperature, and θ is the zenith angle.
The brightness temperature reaching the radiometer (T B ) can also be written as: where K ↑ W is the so-called water-vapor weighting function, which indicates the contribution of the atmospheric water-vapor content at height z, to the measured brightness temperature (T B ) at a frequency f, under an observation angle θ(θ = 0
• at nadir) and, over surface with emissivity e s [4] . The water-vapor weighting function is calculated as the derivative of the brightness temperature with respect to the water-vapor profile:
where
is the water-vapor weighting function for an upward looking radiometer:
Equation 6 allows to analyze the sensibility of the observation (i.e., frequency channel) to the atmospheric water-vapor variations, and the impact of different surfaces (ice, ocean, and coastal) can be evaluated.
B. Channel Selection Based on the Amount of Information Content
The methodology used in this study consists of the analysis of the sensibility to the atmospheric water-vapor content of the brightness temperatures measured from the space by a downlooking microwave radiometer, and the evaluation of the optimum set of frequency channels that provides the largest amount of information on the water-vapor content, i.e., the information provided by the selected channels is most uncorrelated. Once a channel is selected, the information provided is considered to be known at the time to select further channels, i.e., it is no longer a variable, avoiding redundant data.
1) Information Content:
To compute the information content of the different frequency channels, the concept of entropy of the probability density functions is used as defined by Shannon in Information Theory [5, pp. 33-34] . The quantity of information of a given parameter that is provided by some observations (frequency channel) is computed as the change in the information entropy from a prior knowledge state of this parameter, and its knowledge after that observation. This is expressed in (8) and (9), where the analyzed state is x, the observations are y, S indicates the entropy of the state with probability P, and H is the reduction in the entropy or information content.
In (8), the entropy reduction is evaluated in the state space or atmospheric profile, i.e., the change in the entropy of the state vector when it is improved by the measurements, where the subscript n is the number of atmospheric layers. In (9) the entropy reduction is evaluated in the measurement space, i.e., the change in the entropy of the measurements when the state space is previously known, where the subscript m is the number of observation channels (or frequencies). The result obtained for each equation is the same, and could be combined to measure the reduction entropy when other channels are previously selected.
2) Model Linearization:
The forward model presented in (1) and (5) can be discretized in order to facilitate the calculation using algebraic methods [4] . This discrete model is presented below, where the bold symbols indicate vectors (lower case) and matrices (upper case):ŷ
In this discrete model, the brightness temperature observations are represented by the vectorŷ, whose dimension corresponds to the number of observation channels (frequency channels) to be analyzed. The unknown profile information along the atmospheric height z is x, the error of each observation caused by the instruments' calibration and the noise is ε, and the contribution of each atmospheric profile component per height, and the frequency to the brightness temperature is given by the matrix K W . The weighting function matrix K W is m x n , where there is a contribution to the brightness temperature at each frequency channel (m channels) from each layer (n layers). The number of layers (n) is 60 between 0 and 64 km in steps of 0.1 to 0.8 km for the troposphere, 0.8 to 2 km for the stratosphere, and 2 to 4 km for the mesosphere. The total number of channels (m) around the water-vapor resonance frequencies (22.235 and 183.3 GHz) are analyzed in steps of 100 MHz.
The probability density function of the measurements is assumed to be Gaussian function in order to use its properties, and to relate the probability density function of the observations with the one of the atmospheric state [see (8) and (9)], by using Bayes' theorem [see (11) and (12)].
Assuming P (ŷ) and P (x) are Gaussian functions with a zero-mean experimental error ε, (11) and (12) become:
where the matrices S y and S a are the covariance matrices of y and x a , respectively, and the subscript a denotes the a priori knowledge coming from the historical information of the atmosphere or from synthetic data as in the case of this study. By combining (13) and (14) [5, pp. 23-29], the covariance matrix of the state vector improved by the brightness temperature observations ( 12) can be written as:
From the discretization of the observations and the atmospheric state given by (10), and defining the relationship between the a priori knowledge of the atmospheric state x with the knowledge-gain obtained through the observations [see (11) and (12)], the recovered state vectorx can be expressed as:
that can also be rewritten as:
where G denotes the contribution matrix or gain matrix. The so-called Averaging Kernel
describes the vertical correlation between the parameters at different heights for a given set of frequency channels, and it will be used to measure the entropy reduction by each channel.
3) Channel Selection Iterative Method: The method used to select the optimum set of frequencies consists of the evaluation of the information content of each individual frequency channel, and taking into account the previously selected ones [see (8) and (9)]. The change on the measurement entropy caused by each selected channel is evaluated [see (9)], which at the same time changes the vertical entropy [see (8)]. From the linearized model of the previous section [see (10)], the entropy (in bits) of a multivariate Gaussian distribution for a vector can be approximated as:
where S(y) is the covariance matrix of this vector. Thus, for the discrete model in (9) can be expressed as:
and A indicates the improvement of the different frequencies on the atmospheric profile information or state vector [5, pp. 29-33], [6] . From (8) and (18), the entropy reduction in the state space can be evaluated as:
and from (18), it can be expressed as:
The change in the state space covariance because of the selected channels is:
and from 22:
Finally, (20) can be expressed as the entropy in the measurement space of the remaining channels updated by the entropy in the state space for the selected channels:
Using (26) iteratively, the information content of channel i (Entropy Reduction or δER i ) can be evaluated separately [see (27)]. The one providing the largest amount of information is then kept:
where A i−1 accounts for the channels previously selected.
with A 0 Δ = S a .
III. WATER-VAPOR RESONANCE FREQUENCIES
The Entropy Reduction method gives a ranking of the most suitable frequencies (channels) to retrieve the atmospheric component of interest from a spaceborne radiometer. Furthermore, the frequencies are evaluated by considering their contribution in case a set of channels is used for the analysis, i.e., the information provided by a frequency (channel) is uncorrelated to the one provided by the previously selected channels, in case there is a previous selection iteration. As explained in Section II, the information content of each frequency is measured through the water-vapor weighting functions from the down-looking brightness temperature [see ( 6) ], which provides the sensibility of the measured brightness to changes in the atmospheric water-vapor profile. This sensibility is evaluated considering the radiation emitted by the atmosphere directly to the downlooking spaceborne radiometer (T UP ), the radiation emitted by the atmosphere down to the surface (T SC ) and reflected back to the space radiometer (T DN ), and the radiation emitted by the Earth surface (T B ). The atmospheric radiation emitted to the space, gives the trend of the water vapor with regards to the climate; however, it does not provide information on the impact of the surface change on the variability of the atmospheric water-vapor content. Water-vapor profile changes caused by the surface characteristics are a case of interest for this study to correct the electrical path wet delay on coastal altimeters, as its rapid variability is one of the main reasons that makes this information inaccurate. The information on the effect of the surface into the atmospheric state is given by the reflected down-welling temperature, and by the surface-emitted temperature, which are directly related to the surface emissivity.
Temperate and tropical climates are wetter than polar climate, which is practically dry. It causes that around the water-vapor absorption window at around 183.31 GHz, the oblique transmissivity for temperate and tropical climates is zero (opaque atmosphere), while in polar climates is between 20%-30%. This fact affects to the depth along the atmosphere to which the radiometers can measure the water-vapor content in temperate and tropical climates, making frequencies around 183. 3 GHz not suitable for the surface water-vapor variability studies, being necessary to move to the tails of this resonance frequency to better analyze the sensitivity to the water vapor [7, pp. 1-9]. On the other hand, in the low water-vapor absorption window, around 22.23 GHz, the oblique transmissivity is higher for the three climates (ratio between 85%-95% in tropical and temperate climates, and ∼100% in polar climates), making it possible to analyze the surface emissivity effects on the water-vapor variability of the low-troposphere. On the other hand, due to the fact that the water absorption lines are stronger at the higher resonance frequencies (183.31 GHz), the information content provided in these frequencies would be always larger than the one provided by the lower frequencies (22.23 GHz). However, the information content measured in the 183.31 GHz window in temperate and tropical climates will be coming from the midlow troposphere. Therefore, it is necessary to analyze both the absorption windows separately, and from the two remaining set of frequencies, select those ones that include the information along all the mid-lower troposphere.
IV. SIMULATION RESULTS
In a preliminary study, all the frequency channels from 1 to 200 GHz were studied, considering only the contribution of the atmospheric water vapor to the up-welling brightness temperature (T UP ). The results confirmed the intuition, that the best bands are around the lower (∼22 GHz) and higher (∼183 GHz) water-vapor resonance frequencies. Therefore, only the meaningful results for these frequency bands are presented here.
Figs. 3 and 4 show the application of the iterative method to the different resonance frequencies, that is the δER i for the channels that provide the largest amount of information. This is done for the three climates: temperate, tropical, and polar, and for the three surfaces: sea, coast, and ice. In these figures, the first iteration of the method (when the first channel is selected) is shown and then the following iterations, until a significant number of bits of information, it is retained; in this study, the threshold is above 0.2 bits of information. Fig. 3 shows the δER i for the low (∼22 GHz) band and for the three different surface emissivities. As mentioned in the previous section, resonance frequencies do not turn to be the optimum ones to retrieve the information about the state of the atmosphere, as they are strongly affected by the attenuation. In these figures, it can be observed that the trend of the information provided does not vary, which means that the optimum frequencies do not change. However, for increasing surface emissivity (from sea e s ∼0.50 to ice e s ∼1.00), the information provided by the optimum frequencies also increases. It means that the information given by the surface temperature emitted to the space contains more information about the water-vapor distribution in the atmosphere than the reflected down-welling temperature. This is due to the fact that as the up-welling temperature, the down-welling temperature also corresponds to the radiation emitted by the atmosphere, so it is expected that the information provided is somewhat similar to the one provided by the up-welling temperature. In other words, the information is correlated. At lower frequencies, the information provided by the main channels decay rapidly, i.e., one channel provides almost all the information. This fact indicates that the water-vapor information provided by the lowest frequency channels are less impacted by the atmosphere gas absorption which is highly correlated, and practically one channel provides most of the information.
Higher resonant frequencies (see Fig. 4 ) provide actually the largest amount of information on the water vapor for the three climates analyzed. In all cases, the main channels correspond to the three first channels of the highest frequencies. As in case of the lowest resonance frequencies, the tails of the sounding channels are best suited to obtain more information, as there is less affectation of the gas absorption.
At both high and low resonance frequencies, the distribution of the information between the remaining channels has a common behavior, when a channel is selected. Each time a channel is selected, the information of the remaining channels is reevaluated, discarding those channels that provide the information correlated to the information already provided with the selected ones. Since the main channels are at the tails of the resonance frequencies, it can be observed that after the third or fourth iteration, the channels containing most information start getting closer to the resonant frequencies. This indicates that the tails are less attenuated, but more correlated among them in terms of amount of information. This effect is clearly visible for the high resonance frequencies in tropical climates. Tables 1-3 show in detail these results numerically. Finally, Fig. 5 presents the weighting functions for the main frequency channels of each climate and surface emissivity. As it can be seen, the first four channels contain information on the water vapor in the troposphere upto ∼5-7 km for temperate and tropical climates, and upto ∼3-4 km for polar climates. These figures give also a clear view of the impact of the surface emissivity on the sensibility of the brightness temperature to the atmospheric water vapor. As previously discussed, the increase of the surface emissivity augments the presence of the surface temperature into the observations that contains important information on the variability of the water vapor in lower layers of the troposphere, and it is more uncorrelated to the up-welling brightness temperature than the reflected down-welling brightness temperature. This effect can be observed through the polar climates, where there is lower concentration of the water vapor in the troposphere. In Fig. 5 (g) and (h), it can be observed that a frequency channel at 183.4 GHz provides the largest information from the lower troposphere, when the surface emissivity is increased. This fact enhances the presence of the surface temperature (T b ) into the retrieved brightness temperature (T B ), that as explained previously is less correlated with the atmospheric radiated temperatures (T DN and T UP ); therefore, it provides more information about the water-vapor distribution.
V. CONCLUSION
Most sea-surface altimetry missions make use of two or three frequency bands. For example, the radiometer onboard Saral is included in the AltiKa instrument, and it is a dual-frequency channel microwave radiometer (23.8 and 37 GHz) to provide information related to the water-vapor content and the cloud liquid water content. The Jason-3 radiometer is a three-channel microwave radiometer: The 23.8-GHz channel is the primary water-vapor sensor, the 34-GHz channel provides a correction for non-raining clouds, and the 18.7-GHz channel provides the correction for effects of wind-induced enhancements in the seasurface background emission. On the other hand, other watervapor radiometers, as BEST, are also two-channels radiometers, but centered at 150 and 165 GHz.
However, in this study, it has been found that up to four frequency channels may be worth using, since they convey the largest amount of information for all the three climates, and the information provided by further channels provide at least 4 bits less information than the previous selected ones. In high resonance frequencies, the channels that provide the most information are 175.1, ∼188.1, and ∼185.5 GHz for temperate climates, 175.1, ∼188.5, and ∼186.3 GHz for tropical climates, and ∼185.5, 189.2, and 183.5 GHz for polar climates; while in lower absorption bands, the optimum channels are: 22.7 and 25.5 GHz for the temperate climates, 22.7 and 26 GHz, and around 30 GHz for polar climates. These frequency channels are quite similar for tropical and temperate climates, but differ from those at polar climates. The number of channels to be included in a radiometer instrument will be ultimately dictated by: 1) The achievable accuracy of the water-vapor correction for a given number of frequency channels and associated radiometric errors (both radiometric accuracy or systematic errors, and radiometric sensitivity of random errors), and 2) the instrument complexity and cost, which increases with the number of channels.
On the other hand, the channels of the lowest resonance frequencies which are more sensitive to the changes in the surface's emissivity must be included, as they are very sensitive to the variability of water vapor in the coastal zones.
However, a much better spatial resolution can be achieved using the highest frequency channels, as compared to the lowfrequency channels for the same antenna size. The use of the resonance frequencies provides less accurate information about the troposphere, due to the higher absorption by the water vapor.
Future research lines of this study will extend the range of frequencies (f >200 GHz), consider the atmospheric scattering by hydrometeors, and perform a study of the achievable wet delay retrieval accuracy as a function of the number of channels and their radiometric errors.
